In a large proton storage ring the particles circulate on narrowly defined orbits for many ~ hours, and undergo about 1012 interactions with nonlinear magnetic fields. The nonlinear fields --include significant high multipoles from inevitable errors in the fabrication of superconducting magnets. In a first approximation one neglects collective and dissipative effects, and assumes that magnetic fields are constant. The motion is then Hamiltonian, being perturbed harmonic motion in three degrees of freedom. Since the nonlinear perturbation depends periodically on --f' the independent variable (azimuthal location in the ring), the phase space effectively has seven _ dimensions. Thus, we deal with a generic difficulty of nonlinear mechanics in a phase space of _ --dimension greater than four: the complement of the set of invariant surfaces is a connected and 
In a large proton storage ring the particles circulate on narrowly defined orbits for many ~ hours, and undergo about 1012 interactions with nonlinear magnetic fields. The nonlinear fields --include significant high multipoles from inevitable errors in the fabrication of superconducting magnets. In a first approximation one neglects collective and dissipative effects, and assumes that magnetic fields are constant. The motion is then Hamiltonian, being perturbed harmonic motion in three degrees of freedom. Since the nonlinear perturbation depends periodically on --f' the independent variable (azimuthal location in the ring), the phase space effectively has seven _ dimensions. Thus, we deal with a generic difficulty of nonlinear mechanics in a phase space of _ --dimension greater than four: the complement of the set of invariant surfaces is a connected and [1,21 dense set, associated with nonlinear resonances.
A b't r I rarily close to any initial condition there is an orbit that can visit remote regions of phase space by moving along resonances. The task of a-stability study is to show that this "diffusion" along resonances proceeds so slowly that the orbit stays within certain limits during a finite but sufficiently long time. The chief theoretical tool for study of these questions is "tracking", which is numerical integration of Hamilton's equations by an algorithm that guarantees the symplectic character of the resulting time evolution map! Tracking is quite informative, but it has its limitations.
Because of computational expense, rather few orbits can be followed for a time comparable to the desired storage time of the beam. Furthermore, a machine like the SSC must be treated as a-statistical object, since small-bore superconducting magnets have an unpredictable scatter in strengths of multipoles. It is therefore desirable to study a statistical sample of different machines, and many different initial conditions for the orbits in each machine.
For the status of tracking at the SSC, th e reader may consult reports by Yan and Schachinger w and by Garavaglia, Kaufmann, Stiening, and Ritson.[71 These authors make "survival plots", which give the number of turns that an orbit survives versus the initial trans-_ verse amplitude of the orbit. As the initial amplitude is increased, particle loss appears to be negligible for lo6 turns or more until a rather clear "dynamic aperture" is reached. At present, the method of maps looks promising, but it needs more development to become thoroughly convenient and reliable.
Even if speed could be greatly increased, the method of tracking as practiced is deficient in that it gives no insight about underlying mechanisms of instability. It merely answers the question of whether a particular orbit is stable or not. Actually, information from tracking, employed more ambitiously, ought to tell us a great deal more about the system.
One way to seek insight is to compute Liapunov characteristics from tracking data!' These serve to detect exponential divergence of nearby trajectories, a sign of chaotic behavior. One hopes that fast divergence from nearby orbits will give an "early warning" of instability of an
orbit. It appears that this method can clearly identify regions of stable and unstable behavior, but for the crucial problem of locating the transition from one to the other the results may be expensive in computation time and somewhat [13' ambiguous.
Further work is needed to In a first test the method has been applied to two-dimensional betatron motion in a model lattice containing strong sextupoles. In a region of strong nonlinearity (around 20% smear) it was possible to claim stability for times comparable to storage times in proton rings. For real proton rings, it will be necessary to include the third degree of freedom for synchrotron oscillations. The formalism easily accomodates that extension, but the computational problems are more severe and have yet to be investigated. In any case, the program offers a prospect that was previously lacking in applications of nonlinear mechanics, the possibility of setting practically useful bounds that are rigorous in principle, and "almost rigorous" (i.e, very reliable) in numerical realizations. Previously, long-term bounds were obtained mathematically in the Nekhoroshev Theorem~181 but not for a range of parameters of practical interest; the nonlinear perturbation strength had to be absurdly small to prove stability for suitable time intervals.
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